
1

Basic Graph Neural Networks

Yukuo Cen
GNN Center, Zhipu AI

KEG, Tsinghua University
Advisors: Yuxiao Dong, Jie Tang

Course Link: https://cogdl.ai/gnn2022/
CogDL is publicly available at       https://github.com/THUDM/cogdl

https://cogdl.ai/gnn2022/
https://github.com/THUDM/cogdl


2

Graph Neural Networks

Network Embedding

Origin of Representation Learning



3

Graph Neural Networks
• Input: an undirected weighted network 𝐺 = (𝑉, 𝐸) with 𝑉 = 𝑛 & 

𝐸 = m
– Adjacency matrix 𝑨 ∈ ℝ!"×$

𝐴!,# = #
𝑎!,# > 0 𝑖, 𝑗 ∈ 𝐸
0 𝑖, 𝑗 ∉ 𝐸

– Degree matrix 𝑫 = 𝑑𝑖𝑎𝑔(𝑑%, 𝑑&, ⋯ , 𝑑")

– Node feature matrix 𝑿 ∈ ℝ"×'

– Output: for each node, its 𝑘-dimension latent feature 
representation vector 𝐙

– Latent feature embedding matrix 𝐙 ∈ ℝ"×(
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Graph Neural Networks

1. Kipf et al. Semi-supervised Classification with Graph Convolutional Networks. ICLR 2017
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The Core of Graph Neural Networks
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• Neighborhood Aggregation: 
– Aggregate neighbor information and pass into a neural network

𝒉- = 𝑓(𝒉., 𝒉/, 𝒉0, 𝒉1, 𝒉2)
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Convolutional Neural Network

∑𝑾𝑿
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Convolutional Neural Network

∑𝑾𝑿
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Convolutional Neural Network

∑𝑾𝑿
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Convolutional Neural Network

∑𝑾𝑿
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Convolutional Neural Network

∑𝑾𝑿
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Graph Neural Networks

a
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d

c
𝒉. = 𝑓(𝒉., 𝒉/, 𝒉0, 𝒉1, 𝒉2)

• Neighborhood Aggregation: 
– Aggregate neighbor information and pass into a neural network
– It can be viewed as a center-surround filter in CNN---graph convolutions!
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GNN: Graph Convolutional Networks

𝒉!" = 𝜎(𝑾" &
#∈% ! ∪!

𝒉#"'(

|𝑁(𝑢)||𝑁(𝑣)|
)

a
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1. Kipf et al. Semi-supervised Classification with Graph Convolutional Networks. ICLR 2017
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GNN: Graph Convolutional Networks

𝒉!" = 𝜎(𝑾" &
#∈% ! ∪!

𝒉#"'(

|𝑁(𝑢)||𝑁(𝑣)|
)

the neighbors of node 𝑣

node 𝑣’s embedding at layer 𝑘

Non-linear activation function (e.g., ReLU)

parameters in layer 𝑘
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1. Kipf et al. Semi-supervised Classification with Graph Convolutional Networks. ICLR 2017



14

GNN: Graph Convolutional Networks

𝒉!" = 𝜎(𝑾" &
#∈% ! ∪!

𝒉#"'(

|𝑁(𝑢)||𝑁(𝑣)|
)

a

e

v

b

d

c

1. Kipf et al. Semi-supervised Classification with Graph Convolutional Networks. ICLR 2017
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GNN: Graph Convolutional Networks

𝒉!" = 𝜎(𝑾" &
#∈% !

𝒉#"'(

𝑁 𝑢 𝑁 𝑣
+

𝑾"&
!

𝒉!"'(

|𝑁(𝑣)||𝑁(𝑣)|
)

a

e

v

b

d

c

Aggregate from 𝑣’s neighbors

Aggregate from itself

1. Kipf et al. Semi-supervised Classification with Graph Convolutional Networks. ICLR 2017
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GNN: Graph Convolutional Networks

𝒉!" = 𝜎(𝑾" &
#∈% !

𝒉#"'(

𝑁 𝑢 𝑁 𝑣
+

𝑾"&
!

𝒉!"'(

|𝑁(𝑣)||𝑁(𝑣)|
)

a

e

v

b

d

c

The same parameters for both its neighbors & itself

1. Kipf et al. Semi-supervised Classification with Graph Convolutional Networks. ICLR 2017
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GNN: Graph Convolutional Networks

𝒉!" = 𝜎(𝑾" &
#∈% !

𝒉#"'(

𝑁 𝑢 𝑁 𝑣
+

𝑾"&
!

𝒉!"'(

|𝑁(𝑣)||𝑁(𝑣)|
)

a

e

v

b

d

c

𝑫'
(
)𝑨𝑫'

(
)𝑯 "'( 𝑾 "

𝑫'
(
)𝑰𝑫'

(
)𝑯 "'( 𝑾 "

1. Kipf et al. Semi-supervised Classification with Graph Convolutional Networks. ICLR 2017
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Spectral Analysis Behind GCNs

• Spectral graph convolution: (𝑥 ∈ ℝ6)

• Truncated chebyshev expansion:

• Now have:

• Finally, extend 𝑥 ∈ ℝ6 to 𝑋 ∈ ℝ6×8 with 𝐶 filters:
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GNN: Graph Convolutional Networks

𝑯" = 𝜎 𝑫'
!
" 𝑨 + 𝑰 𝑫'

!
"𝑯 "'( 𝑾 "

Input

𝒁 =𝑯!

Output

𝑯" = 𝑿

𝐺 = (𝑉, 𝐸, 𝑨)
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GNN: Graph Convolutional Networks

𝑯" = 𝜎 𝑫'
!
" 𝑨 + 𝑰 𝑫'

!
"𝑯 "'( 𝑾 "

Input

𝒁 =𝑯!

OutputModel training  
– The common setting is to have an end to end 

training framework with a supervised task
– That is, define a loss function over 𝒁

𝑯" = 𝑿

𝐺 = (𝑉, 𝐸, 𝑨)
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GNN: Graph Convolutional Networks

𝑯" = 𝜎 𝑫'
!
" 𝑨 + 𝑰 𝑫'

!
"𝑯 "'( 𝑾 "

𝑯" = 𝑿

𝐺 = (𝑉, 𝐸, 𝑨)

Input

𝒁 =𝑯!

OutputBenefits: Parameter sharing for all nodes
• |V| is irrelevant to #parameters
• Enable inductive learning for new nodes
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GCN Performance

• 2-layer GCN：𝒁 = softmax *𝑨 𝜎 *𝑨𝑿𝑾# 𝑾$
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GCN: An Example

• 0𝑨 = 𝑨 + 𝑰 =

1 1 1 1
1 1 1 0
1 1 1 1
1 0 1 1

• 0𝑫 =

4 0 0 0
0 3 0 0
0 0 4 0
0 0 0 3

, 0𝑫%
*
+ =

$
&

0 0 0

0 $
'

0 0

0 0 $
&

0

0 0 0 $
'

2

1

3

4
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GCN: An Example

• '𝑨 = *𝑫:
#
$ *𝑨*𝑫:

#
$ =

;
<

=
>

;
<

=
>

=
>

;
=

=
>

0
;
<

=
>

;
<

=
>

=
>

0 =
>

;
=

, where =
>
≈ 0.2887

2

1

3

4
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GCN: An Example

• 𝑯 ( = 𝜎 *𝑨𝑯 (%$ 𝑾(

• 𝑯 # = 𝑿 =

1 0
0 1
1 0
1 1

, 𝑾$ =
1 −0.5
0.5 1

• 𝑯 # 𝑾$ =

1 −0.5
0.5 1
1 −0.5
1.5 0.5

2

1

3

4
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GCN: An Example

• @𝑨𝑯 ) 𝑾% =

%
*

+
,

%
*

+
,

+
,

%
+

+
,

0
%
*

+
,

%
*

+
,

+
,

0 +
,

%
+

1 −0.5
0.5 1
1 −0.5
1.5 0.5

=

+
+
+ %
&

+
*
− %
*

+
+
+ %
,

− +
,
+ %
+

+
+
+ %
&

+
*
− %
*

+
+
+ %
&

− +
,
+ %
,

• 𝑯 % = 𝑅𝑒𝐿𝑈 @𝑨𝑯 ) 𝑾% =

+
+
+ %
&

+
*
− %
*

+
+
+ %
,

− +
,
+ %
+

+
+
+ %
&

+
*
− %
*

+
+
+ %
&

0

=

1.0774 0.1830
0.7440 0.0447
1.0774 0.1830
1.0774 0
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GCN Training

• 𝑍 = softmax 𝑯 P = softmax '𝑨𝑯 ; 𝑾P

• 𝑾P =
0.5 −0.5
1 0.5

• 𝑍 = softmax 𝑯 P = softmax

0.6366 −0.4800
0.5556 −0.3747
0.6366 −0.4800
0.5962 −0.4377

=

0.7534 0.2466
0.7171 0.2829
0.7534 0.2466
0.7377 0.2623
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GCN Training

• 𝑌 =

1 0
0 1
1 0
1 0

• Objective function: cross entropy

𝐿 = −
1
4
>
)*$

+

>
,*$

&

𝑌), ln 𝑍), = 0.5334

• Update 𝑾$,𝑾& by back-propagation
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GNN: Graph Convolutional Networks

𝑯Q = 𝜎 𝑫:
#
$ 𝑨 + 𝑰 𝑫:

#
$𝑯 Q:; 𝑾 Q

GCN is one way of neighbor aggregations
– GraphSAGE
– Graph Attention Networks
– … …
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GraphSAGE

𝒉!" = 𝜎(𝑾" &
#∈% ! ∪!

𝒉#"'(

|𝑁(𝑢)||𝑁(𝑣)|
)a

e

v

b

d

c

GCN

GraphSAGE

𝒉!" = 𝜎([𝑨" ⋅ AGG 𝒉#"'(, ∀𝑢 ∈ 𝑁 𝑣 , 𝑩"𝒉!"'(])

Generalized aggregation: any differentiable 
function that maps set of vectors to a single vector

1. Hamilton et al. Inductive Representation Learning on Large Graphs. NIPS 2017
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GraphSAGE

𝒉!" = 𝜎(𝑾" &
#∈% ! ∪!

𝒉#"'(

|𝑁(𝑢)||𝑁(𝑣)|
)a

e

v

b

d

c

GCN

GraphSAGE

𝒉!" = 𝜎([𝑨" ⋅ AGG 𝒉#"'(, ∀𝑢 ∈ 𝑁 𝑣 , 𝑩"𝒉!"'(])

Generalized aggregation: any differentiable 
function that maps set of vectors to a single vector

Instead of summation, it concatenates 
neighbor & self embeddings

1. Hamilton et al. Inductive Representation Learning on Large Graphs. NIPS 2017



32

GraphSAGE

𝒉!" = 𝜎([𝑨" ⋅ AGG 𝒉#"'(, ∀𝑢 ∈ 𝑁 𝑣 , 𝑩"𝒉!"'(])

1. Hamilton et al. Inductive Representation Learning on Large Graphs. NIPS 2017

• Mean

AGG = .
5∈6(-)

𝒉59:;

|𝑁(𝑣)|

• LSTM (random permutation of neighbors)
AGG = LSTM([ℎ59:;, ∀𝑢 ∈ 𝜋(𝑁(𝑣))])

• Max-pooling
AGG = max 𝜎 𝑾<==>𝒉59:; + 𝑏 , 𝑢 ∈ 𝑁 𝑣
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GraphSAGE Performance

• AGGs: GCN / mean / LSTM / max-pooling
• Supervised (Sup.), Unsupervised (Unsup.)
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Graph Neural Networks

a

e

v

b

d

c Realistically, neighbors are of different 
importance to each node
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Graph Neural Networks

𝑯Q = 𝜎 𝑫:
#
$ 𝑨 + 𝑰 𝑫:

#
$𝑯 Q:; 𝑾 Q

GCN is one way of neighbor aggregations
– GraphSAGE
– Graph Attention Networks
– … …
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GNN: Graph Attention

𝒉!" = 𝜎(𝑾" &
#∈% ! ∪!

𝒉#"'(

|𝑁(𝑢)||𝑁(𝑣)|
)

GCN

Graph Attention Networks

𝒉!" = 𝜎( &
#∈% ! ∪!

𝛼!,#𝑾"𝒉#"'()

Learned attention weights

a

e

v

b

d

c

1. Velickovic et al. Graph Attention Networks. ICLR 2018
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GNN: Graph Attention

a

e

v

b

d

c

Various ways to define attention!

1. Velickovic et al. Graph Attention Networks. ICLR 2018
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GAT Performance
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Sparse Operators in GNNs

• GCN（Sparse Maxtrix-Matrix Multiplication, SpMM）
𝑯 ?@; = 𝑨𝑯 ? 𝑾

• GAT（ Edge-wise-softmax）

𝛼?A = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑒?A =
exp 𝑒?A

∑9∈6! exp 𝑒?9

• GAT（Multi-Head SpMM）

𝒉? = 𝐶𝑂𝑁𝐶𝐴𝑇 𝜎 .
A∈6!

𝛼?A9𝑾9𝒉A
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GCN/GAT Layer in CogDL

𝐻 ?@; = 𝐴𝐻 ? 𝑾 B 𝛼!# = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑒!# =
exp 𝑒!#

∑$∈&! exp 𝑒!$

ℎ! = 𝐶𝑂𝑁𝐶𝐴𝑇 𝜎 U
#∈&!

𝛼!#$𝑾$ℎ#
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Implementation of GCN/GAT Layer

𝐻 ?@; = 𝐴𝐻 ? 𝑾 B 𝛼!# = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑒!# =
exp 𝑒!#

∑$∈&! exp 𝑒!$

ℎ! = 𝐶𝑂𝑁𝐶𝐴𝑇 𝜎 U
#∈&!

𝛼!#$𝑾$ℎ#
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Network Representation Learning / Network Embedding

Spectral partitioning 1973: Donath & Hoffman

2005: Gori et al., IJCNN’05

2015: Duvenaud et al., NIPS’15; Kipf & Welling ICLR’17

Spectral clustering 2000: Ng et al. & Shi, Malik

2014: Perozzi et al., KDD’14

2015: Tang et al., WWW’15; Grover & Leskovec, KDD’16
PTE, metapath2vec

2013: Mikolov et al., ICLR’13word2vec (skip-gram)

LINE, node2vec

DeepWalk

2018: Velickovic et al., ICLR’18, Chen et al., ICLR 2018
NetMF & NetSMF

FastGCNs, Graph Attention Networks

ChebyNet, Graph convolutional network

Graph neural network

2015: Tang et al., KDD’15; Dong et al., KDD’17

2018: Qiu et al., WSDM’18 & WWW’19

Neural message passing, GraphSAGE 2017: Gilmer et al., ICML’17; Hamilton et al., NIPS’17

2014: Bruna et al., ICLR’14 Spectral graph
convolution

Gated graph neural network 2016: Li et al., ICLR’16
structure2vec 2016: Dai et al., ICML’16
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Homework 3: GCN Implementation

• Experiments on GCN:
– Due by 31st July
– Reproduce GCN computation introduced in slides
– Implement a simple version of GCN model
– Test GCN model on the cora dataset
– Test CogDL’s GCN for comparison
– Give the analysis of the results

• Find the homework material from the course 
website: https://cogdl.ai/gnn2022/

https://cogdl.ai/gnn2022/
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Yukuo Cen, KEG, Tsinghua U.                https://github.com/THUDM/cogdl
Online Discussion Forum https://discuss.cogdl.ai/

Thank you！
Collaborators:

Zhenyu Hou, Yuxiao Dong, Jie Tang, et al. (THU)
Qingfei Zhao, Xinije Zhang, Peng Zhang, et al. (Zhipu AI)

Hongxiao Yang, Chang Zhou, et al. (Alibaba)
Yang Yang (ZJU)

https://github.com/THUDM/cogdl
https://discuss.cogdl.ai/

